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Abstract--Using the probabi]istic path integral representation f the time dependent solution to 
the Schr~Unger quation, we devise a numerical algorithm to obtain the binding energy, diameter 
and vibrational frequency of the hydrogen molecule. The results agree to a high degree of accuracy 
with experimental data. 
1. INTRODUCTION 
The quantum mechanical treatment of the diatomic molecules has been concerned mainly with 
the following methods: variational principle, perturbation theory and Morse's function fitting. 
Recently, some hybrid methods proposed by Greenspan [1,2] utilize both classical and quantum 
aspects of molecular modelling. The purpose of this paper is to introduce a new method, which 
is based on the probabilistic representation f the time dependent solution to the SchrSdinger 
equation via the path integral. The solution is seen as the average value of the function of the 
Brownian motion. By simulating an approximation to the Brownian motion in the six-dimensional 
space (corresponding to the position of the two electrons) through a simple random toss of a fair 
coin, Prob (Head)=l/2=Prob (Tail), we determine the binding energy and the molecular diameter 
of the hydrogen molecule with a very high degree of accuracy. As a byproduct, we also obtain 
the vibrational frequency by fitting the quadratic function around the minimum of the electronic 
energy function. 
2. THE METHOD 
The starting point is to consider the so-called spinless Born-Oppenheimer approximation, i.e., 
to determine the ground state energy of the molecule by ignoring the movement of the nuclei (due 
to the fact that the electron/proton mass ratio can be assumed negligible) and by considering 
instead the movement of the two electrons around two fixed nuclei placed a distance R apart. 
Denoting the corresponding energy by U(R), one then determines R0 to be the point where 
U(R) assumes its minimum. Then U(R0), R0 and U"(R0) are the ground state energy, molecular 
diameter, and the force constant which determines the vibrational frequency, respectively. 
Throughout our formulation, as well as in the actual computation, all quantities are expressed 
in atomic units, namely, the Planck constant h = 1, mass of the electron me - 1, electron charge 
e0 -- 1, unit of distance - Bohr radius a0 = 1, unit of energy--1 Hartree-2 Rydbergs, unit of 
time to - 1 (the time required for an election in the first Bohr orbit of the hydrogen atom to 
describe one radian). 
The author wishes to thank Dr. D. Greenspan for suggesting the path integral approach toward the problem, as 
well as for discussions and preprints of his own work on the subject. 
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Based on the above, the Hamiltonian for the electronic motion has the form 
1 1 1 1 1 
H=-~,~, , -~2+IR~_R+21 ~ lu-r21 I,',-R,I 
1 1 1 
I,'~ - R~I  I,'2 - R~I  I,'2 - R21 '  
=1 A + V (rt, r2, R1, R2), (1) 
-2 
where ri, Ri, i = 1,2 are the positions of the electrons and the nuclei, respectively (see Figure 1). 
I" I is the three-dimensional Euclidean distance and V represents he Coulombic interaction. By 
fixing the positions R1, R~, denoting R = IR1 - R21 and setting r = (rl, r2) E R 6, we simplify the 
notation by using V(r) - V (rl, r2, R1, R2). The path integral approach is to consider V (t, r; R) 
for various fixed values of R as the solution to 
= A_  v u, t > o, u(o, r; R) = I, (2) 
which is the time dependent Schr0dinger problem corresponding to the Hamiltonian (1). By the 
celebrated Feynman-Kac formula, the solution is 
U(t, r; R) -- Ee-  /~ v (r+B(s)) d,, (3) 
in which B(s) is the six-dimensional Brownian motion started at 0, and E represents he expected 
(average) value with respect to the Wiener measure, i.e., the probability measure on the space of 
all trajectories of Brownian motion up to time T [3]. By a one-dimensional Brownian motion, we 
mean a random process uch that B(0) - 0, {B(s)},> 0 has stationary and independent incre- 
ments, and Prob (B(s) ~. [a, b]) - J~ 1/(2V~) e -'2/(2') dz, i.e., B(s) has Gaussian distribution 
with mean value 0 and variance s. Similarly, the six-dimensional Brownian motion is made of six 
independent one-dimensional Brownian motions. 
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Figure 1. 
The key element of our approach is the following large deviation result, which goes back to the 
pioneering work of Kac [4] (see [5] for generalizations and the class of potentials for which the 
representation f (3) holds) and states: 
U(R) - ground state energy of H2 when the nuclei are R apart, 
1 - - ,  l~n ~- log Ee- fo' v(r+s(s)) ds. (4) 
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To implement (4) numerically, we replace the six-dimensional Brownian motion by six inde- 
pendent, properly scaled one-dimensional random walks as follows: 
W(1)- W(t,n,£)= (W~(t,n,£), W~(t,n,l), W~(t,n,l), W~(t,n,l), W~(t,n,t), W~(t,n,l)), 
where 
l i 
Wj(t,n,e) = y]  wj(0,n,e)= o, 
k=l  ~ '  
i=  1,2, j=  1,2,3, t=  1,2, . . . ,nt ,  
with e}k being independently chosen at random such that P(e}k -- 1)= P(e}k = -1) -  1/2, and 
with' the first three components corresponding to the position of the first electron, whereas the 
second three components correspond to the position of the second electron. 
It is known by the invariance principle [6] that for every real number a E R 
lim 
~--*OO ) (/0' ) P ZV( r+W(~))<-a  =P Y(r+B(s))ds<_a , l= l  
i.e., the probability distribution of the functional of the random walk (which can be simulated 
numerically) converges to the probability distribution of the functional of the Brownian motion. 
Consequently, for large n, the probability 
Ple-flov(r+B('))d" <a) 
can be approximated by its random walk counterpart 
p (e-,/o v(,+w(,)) .). (5) 
Finally, by generating independent realizations zl, z2,..., ZN of e -1In ~-,~=~ V(r+W(t)) and using 
the Law of Large Numbers with regard to (5), we conclude that (zl + z2 +... + ZN)/N is an ap- 
proximation to the expected value Ee- f~ V(r+B0)). In other words, the numerical approximation 
to (4) reads 
1 ( - , , .V'" 'v(.+w,~)')  
0(R ,n ,N , t , r )  =-T  log ~. ,  "-"=' " , , "  , (6) 
N 
where W (m) .) , m = 1 ,2 , . . . ,N  denote the mth realization of the random walk W(L), and 
t = 1, 2,..., nt out of Nindependently run simulations. 
3. NUMERICAL RESULTS 
In our computations, we chose R1 +(R/2, O, O) R2 = (-R/2, 0, 0) r = (rl, r2) = (.025, .025, .025, 
- .025,-.025,-.025),  t = 15, n = 400, N = 10,000. The reason for choosing such R1,R2, rl, r2 
is to have some symmetry as well as the need to eliminate the blow-ups of the potential function. 
Table 1 displays the electronic potential gr(R) function for different values of the nuclei sep- 
aration R. We see from Table 1 that the minimum is obtained in [1.40, 1.5]. By taking 
the parabola through the points 1.4, 1.45, 1.5, and by using the second order approximation 
U(R) = U(Ro) + 1/2U"(Ro) x (R - R0) 2, where U(R) is measured in Hartree's (1 Rydberg 
=1/2 Hartree), one finds R0 - 1.408, U(Ro) = -2.246 Ryd, U"(Ro) = 1.420. Now the binding 
energy-U(R0) - 2 = .346 Ryd. The experimental results for H2 (see [7, p. 185]) are 
Binding energy 
molecular diameter 
vibrational frequency 
4.73eV 
.74~ 
4270 cm- I. 
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Table 1. 
R 1.2 1.25 
r~(R) 
Rydbergs -2.2618 -2.2966 
R 1.5 1.55 
£r(R) 
Rydbergs -2.3411 -2.3334 
1.3 1.35 1.4 
-2.3195 -2.3354 -2.3434 
1.6 1.65 1.7 
-2.3245 -2.3152 -2.3059 
1.45 
-2.3458 
To compare our calculations with the experimental results, notice that converting from the atomic 
units to the cgs system, we have: 
Binding energy 
molecular diameter 
vibrational frequency 
4.707 e V 
.744/~ 
4269.569 cm- 1, 
where a0 = .529 ]k and 1 Ryd = 13.605 were used to convert he first two quantities. 
To explain the vibrational frequency transformation from k in atomic units, we recall that the 
zero vibrational energy is 1/2/i V~,  where p = (me, Mp)/(m~ + Mp) is the reduced mass of 
the proton and the electron. Thus, d iv id i~ by the Planck constant ~i, we obtain the frequency 
in atomic units of time to be 1/(4~r) ~k/p .  Using p - 918, k = 1.42, the atomic unit of time 
to = 2.4187 x 10-1~sec, we obtain the vibrational frequency in Hertz as 
= 1.280 x 1014 H. 
Or, equivalently, by dividing it by the speed of light, c = 2.99796 x 101°, we obtain 4269.569 cm -1 . 
As one can see, the results are in excellent agreement with the experimental values, and we find 
the method to be promising for treating more complex molecules in the future. 
4. REMARK 
It is an open numerical problem to determine the proper choices of the parameters R, n, N, t, r 
in formula (6), which readily extends to larger molecules. From our initial experimentation for 
the lithium molecule Li~, the results were inaccurate when the same parameters as for H2 were 
applied. When n increases, then N must increase too, in order to improve the accuracy. Since 
our calculations were done on a serial computer, we were unable to increase n, N sufficiently to 
test the feasibility of the method. On the other hand, our method is perfectly suited for a parallel 
computer, and this is a direction to consider for further testing. 
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